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Abstract—Optimal tone allocation in downlink OFDMA net-
works is a non-convex NP-hard problem that requires extensive
feedback for channel information. In this paper, two constant-
complexity limited-feedback algorithms are proposed to achieve
near-optimal performance. First, using opportunistic feedback,
the proposed schemes are shown to reduce feedback overhead by
requiring only users likely to be allocated resources to feed back.
There are differences between the two proposed schemes for
implementation of the feedback protocol. One scheme requires
less feedback but is contention-based, while the other scheme is
sequential and thus avoids possible collisions leading to slightly
higher performance, but needs more feedback. Second, complex-
ity is reduced for resource allocation by solving the optimization
problem in a distributed manner, rather than centrally at the
base station. As shown both analytically and through numerical
results, these distributed algorithms reduce the required feed-
back overhead significantly, and achieve constant computational
complexity with little performance loss compared to the optimal
solution.

Index Terms—OFDMA dowlink system, Resource allocation,
Limited CSIT, Opportunistic feedback, Low transmit complexity.

I. INTRODUCTION

NEXT generation wireless cellular networks will support
a variety of Quality of Service (QoS)-sensitive appli-

cations like streaming multimedia and high-speed data for
downlink users. To support such high-speed wireless services,
transmission over a wide band using Orthogonal Frequency
Division Multiple Access (OFDMA) is an attractive downlink
transmission technique. To utilize limited system resources
in an efficient manner, channel- and QoS-aware resource
allocation for the OFDMA downlink has played a key role and
has attracted much research attention [1]-[4], and references
therein.

One of the major problems in employing a resource alloca-
tion scheme in OFDMA networks is the computational com-
plexity of the resource allocation problem at the Base Station
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(BS) because optimal resource allocation in the OFDMA
downlink is an NP-hard problem [2] due to the combinatorial
search needed for optimal tone allocation. Another problem is
the large amount of feedback required to pass to the BS for
perfect Channel State Information at the Transmitter (CSIT).
Moreover, the frequency of information collocation has to be
quicker than that of channel variations. Most works in the
literature have addressed these issues individually, however,
any OFDMA resource allocation algorithm must consider
both computational complexity and feedback overhead when
evaluating system performance. Particularly, [5] proposes a
low-complexity algorithm for solving the resource allocation
problem in the dual domain when perfect CSIT is available.
This scheme is attractive under settings when the channel
variations are infrequent (e.g. DSL) or when perfect CSIT
can be easily made available (e.g. Time Division Duplexing
(TDD) setup). However, in an Frequency Division Duplexing
(FDD) setup with relatively short channel coherence time (e.g.
802.16 WiMAX), the feedback overhead for perfect CSIT can
be overwhelming. For example in 802.16 WiMAX, there are
a total of 2048 tones, so for a network with 100 users, the BS
needs to collect 204,800 real numbers for perfect CSIT.

Reducing feedback overhead has thus attracted much re-
search attention [6]-[17]. The authors in [7]-[11] discuss
reducing feedback overhead for a Multiple Input Multiple
Output (MIMO) system, [12]-[13] describe transmission tech-
niques to tackle limited feedback in a single-user Orthogonal
Frequency Division Multiplexing (OFDM) system and [14]-
[17] deal with a multi-user OFDMA system. Schemes pro-
posed in [14]-[17] reduce the feedback overhead per user,
however, all users feed back to the BS.

A way to reduce system-wide feedback overhead is by
exploring opportunistic feedback only from the users that are
most likely to be allocated resources [18]-[23]. The basic idea
in all Opportunistic Feedback (OF) protocols is to let users
access the feedback medium opportunistically based on the
value of their channel-gains. There are pre-defined thresh-
olds for channel-gain, and the feedback slots are associated
with these thresholds. In any feedback slot, users compare
their channel-gain values with the pre-defined threshold and
transmit to the BS if their channel-gain value is above the
threshold. If the objective of resource allocation is to maximize
sum-rate, the problem of resource allocation in the OFDMA
downlink reduces to identifying the user with the highest
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channel value for each tone. An opportunistic splitting scheme
is proposed in [18], where a pair of thresholds is initially
chosen by the BS and broadcast to all the users. This pair of
thresholds is iteratively updated and broadcast again until only
(the user with) the highest channel gain lies between the two
thresholds. OF protocols using a single threshold are proposed
in [19]-[21], where the value of the threshold is optimized.
In [19], users are divided into multiple groups, each group
corresponding to a separate feedback slot. In each slot, users
assigned to that slot contend if their channel gain value is
above the threshold. In [20], all users can contend in any
feedback slot, however, they do so with some probability to
reduce contention. This probability is optimized along with
the threshold. The authors in [21] study the case of finite
coherence time and optimize the threshold along with a few
other system parameters to maximize sum-rate normalized by
the fraction of time available for data-transmission.

This paper extends our work in [22]-[23] and uses multiple
thresholds. Further, this paper addresses both feedback over-
head and transmitter complexity. Two constant-complexity,
limited-feedback algorithms are proposed to achieve near-
optimal performance. Both proposed algorithms use the La-
grange decomposition method to solve the Weighted Sum Rate
Maximization (WSRmax) problem with two contributions.
First, the proposed feedback schemes are based on OF and
so reduce the feedback overhead. The difference between
the two proposed schemes arises from the way the feedback
protocol is implemented. One scheme requires less feedback
but is contention-based, while the other scheme is sequential
and thus avoids possible collisions leading to slightly higher
performance, however with comparatively higher feedback.
The second contribution of this paper is to reduce transmit-
ter complexity in performing resource allocation, which is
achieved by solving the optimization problem in a distributed
manner, rather than centrally at the BS. The Lagrange dual
method requires a bisection search of the dual variable to solve
the optimization problem. In the proposed two schemes, this
bisection search is performed through multiple interactions
between the users and the BS rather than solely at the BS.
The WSRmax problem is studied because in practice different
users may have different priorities arising from different QoS
requirements. As shown both analytically and through numer-
ical results, these distributed algorithms reduce the required
feedback significantly and achieve constant computational
complexity with little performance loss compared to the op-
timal solution. The performance of the proposed schemes is
compared for sum-rate with schemes proposed in [19], [20],
which were designed for maximizing sum-rate, numerically.
The proposed schemes are shown to give higher sum-rate with
a lower feedback overhead as compared to the scheme in [19].
The scheme in [20] is found to give very low sum-rate, though
with very low feedback overhead.

The paper is organized as follows: Section II describes
the system model and the WSRmax problem formulation,
followed by a discussion on solving the WSRmax problem
in two ways. The first is the optimal solution and the second
is the solution proposed in [5]. Two OF protocols are then
described in Section III as proposed solutions to the WSRmax
problem that utilize the Lagrange dual decomposition idea

Data Transmission Period
Feedback
Period

Scheduling Period

Fig. 1. Scheduling Period Partition.

from [5]. Finally, Section IV presents the numerical results,
and Section V provides concluding remarks.

II. SYSTEM MODEL, PROBLEM FORMULATION, AND
EXISTING SCHEME

Consider a downlink transmission system with K users and
M tones where the BS and each user are equipped with a
single omnidirectional antenna. For any given power delay
profile at the users, it is assumed that the use of OFDM tech-
nique eliminates any Inter-symbol Interference (ISI), resulting
in M non-interfering independently-fading parallel channels
in the frequency domain. The total downlink transmit power
is constrained to Ptot. For user k on tone m, the channel value
is denoted by hkm, which is assumed to be perfectly known at
the respective receivers. It is assumed the channel values for all
users are independent and identically distributed (i.i.d.) for all
tones1. A zero-mean i.i.d. Gaussian noise with variance �2

km is
added at the receiver part. The channel Signal-to-Noise Ratio
(SNR) for user k on tone m is defined as �km � |hkm|2

�2
km

. The
long-term statistics i.e. the probability density function (pdf)
and cumulative distribution function (cdf) of �km are denoted
by f�(�) and F�(�) respectively and are assumed to be known
to the users as well as the BS. We define a Scheduling Period
(SP) to consist of a feedback period plus a data transmission
period. This is depicted in Figure 1. We assume that for each
tone m, �km, the channel gain of user k, follows a block-
fading model where �km remains constant for an SP and then
changes in an i.i.d. manner to a new realization.

The concern of this paper is dynamic allocation of power
and rate on each tone based on the knowledge of channel
conditions at the BS. Let Sk denote the set of tones allocated
to user k. Each tone is allowed to be used by at most one user;
hence, Si � Sj = � for i �= j and �K

k=1Sk � {1, 2, . . . , M}.
The transmitter finds Sk for all k = 1, 2, . . . , K and distributes
power so that the objective of resource allocation is satisfied.

Let rkm and pkm denote the rate and the power of user k
on tone m such that rkm = log (1 + pkm�km). If we define
wk as the weight assigned to user k, given the weight vector
and the channel gains, the WSRmax problem finds the tone
and power allocation that maximizes the weighted sum rate
with the total power constraint, i.e.

max
pkm,Sk

K�

k=1

wk
�

m�Sk

rkm (1)

1The i.i.d. assumption is needed for keeping the analysis tractable. The
proposed OF protocols, however, can be easily extended for the non-i.i.d.
case following the discussion in Section III-C.
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subject to

�
���

���

�K
k=1

�
m�Sk

pkm � Ptot,
Si � Sj = �, �i �= j,
�K

k=1Sk � {1, 2, . . . , M},
pkm � 0, �k and �m.

The boundary of the achievable rate region can be traced
by solving this problem for all possible weight vectors. In
general, (1) is not a convex optimization problem. Moreover,
(1) is NP-hard since it needs to find the optimal set of
tones for each user, which is a combinatorial problem whose
complexity increases exponentially with M . Next, we discuss
two schemes for resource allocation in the OFDMA downlink.
Their description will be useful for the development of the
proposed scheme in Section III. Both schemes require perfect
Channel State Information (CSI) at the transmitter.

A. Scheme-I: Full CSI and Solving the WSRmax Problem
In order to solve (1), Scheme-I tries all possible combina-

tions of allocations of tones to users and chooses the allocation
that maximizes the weighted-sum-rate. The complexity grows
exponentially with the number of tones M . This is because
each tone can be allocated to any of the K users and hence
K × K × . . . × K = KM possible allocations. Once an
allocation has been made, power assignment on each tone has
a closed-form expression arising from water-filling [26], which
has constant computational complexity, independent of both K
and M . Hence, the complexity of Scheme-I is CI = O

�
KM	

.
The performance or the objective function value VI of Scheme-
I is the highest as it solves (1) optimally. Thus VI serves as
an upper-bound for the performance of any other scheme.

Since this scheme requires perfect CSI, the feedback over-
head incurred by Scheme-I is FI = MKBreal, where Breal
is the number of bits used for quantizing the real numbers
corresponding to the channel-gain �km values. Breal is fixed
and is a system design parameter.

B. Scheme-II: Full CSI and Solving the WSRmax Problem in
the Dual-Domain

Next, we formulate the dual function of (1) in a similar
manner as done in [5]. The first step is to form the Lagrangian
or the dual function of WSRmax problem in (1) over a domain
D as

L ({pkm}, �) =
K�

k=1

wk

M�

m=1

rkm � �



K�

k=1

M�

m=1

pkm � Ptot

�

,

(2)
where the domain D is defined as the set of all non-negative
pkm’s for k = 1, 2, . . . , K and m = 1, 2, . . . , M such that for
each tone m, at most one pkm is positive for k = 1, 2, . . . , K .
The summations in Eqn (2) can be rearranged as

L ({pkm}, �) =
M�

m=1

�
K�

k=1

wkrkm � �



K�

k=1

pkm

�


+ �Ptot.

(3)
Then, the Lagrange dual function is

g(�) = max
{pkm}�D

L ({pkm}, �) . (4)

It was shown in [5] that the above problem can be decomposed
into M sub-problems, one for each tone and can be solved for
each tone m separately.

In summary, Scheme-II fixes a value of � and for each
tone m, finds the user that contributes the maximum to the
WSRmax objective by maximizing the objective for each tone
as

hm(�) = max
k

�

wk log




1 +
�

wk

�
�

1
�km

�

+
�km

��

, �m,

(5)
and then iterates over the value of � until the power constraint
is satisfied. The user k�

m who is assigned to tone m is the
one that maximizes the contribution to the WSRmax objective
from tone m as given in (5). Thus

k�
m = arg max

k

�

wk log




1 +
�

wk

�
�

1
�km

�

+
�km

��

.

(6)

A special case is of particular interest, when wk = 1
K , �k

i.e., the objective is to maximize throughput or sum-rate. In
this special case, the equations are simplified significantly. The
computation of the best user for every tone is simplified as

k�
m,sr = arg max

k

�

log




1 +
�

1
�� �

1
�km

�

+
�km

��

(7)

(a)
= arg max

k

�
log

�
1 +

�
1
�� �

1
�km

�
�km

��
(8)

(b)
= arg max

k

�
log

��km

��

��
(9)

(c)
= arg max

k
�km. (10)

We defined �� to distinguish from the � used for the WSRmax
problem in (1). The expressions in (a) and (b) follow from the
understanding that the maximization is performed only over
those users for whom the power

�
1
�� � 1

�km

�
is non-negative

and if none of them satisfy it, the tone is left unallocated.
(c) follows from observing that log

��km
��

	
is a monotonically

increasing function of �km for a fixed positive ��. This is
intuitive, as for maximizing throughput, any tone (if used) is
given to the user with the highest channel gain.

The number of iterations required for convergence of � (or
��), denoted by Niter, depends on the required accuracy and
is independent of both K and M [27]. Hence, the complexity
of Scheme-II comes from solving (5) only, which has a
complexity CII = O (NiterMK). Notice that as compared to
CI of Scheme-I, the complexity of Scheme-II is linear in both
M and K . Since Scheme-II requires perfect CSI as well, the
feedback overhead FII = FI = MKBreal is the same as that
of Scheme-I. Since the original problem (1) is not convex,
there is a duality gap between the solution of the original
and the dual problem being solved by Scheme-II. The duality
gap is non-zero and so the value of the objective function of
Scheme-II, VII, is less than the maximum possible. However,
the duality gap has been shown to be negligible for moderate
values of M (M � 8) and have been proved to go to zero
as M goes to infinity [25]. For our simulations in Section
IV, we use values M = 52 and 2048, hence for these values,
VI = VII.
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III. PROPOSED PROTOCOL: PARTIAL CSI AND SOLVING
THE DUAL PROBLEM

The proposed scheme aims to reduce both feedback-
overhead and transmitter-complexity by modifying Scheme-
II. The main idea for the proposed scheme comes from the
definition of hm(�) in (5). As seen in (5), any tone is allocated
to a single user, that maximizes the per-tone objective function.
Thus, the only channel gain-value required at the BS for power
computation is the channel-gain value of the user who gets
the tone. The BS needs to find the best user w.r.t. the per-tone
objective function (5) and then the actual channel-gain value
of the best user only. The problem, thus reduces to finding the
maximum of a collection of random variables in a distributed
manner. This is what the OF protocol achieves.

For simplicity, we first consider the sum-rate case i.e. when
wk = 1

K . In this case, (6) simplifies to (10) and the BS
just needs to know the best user k�

m and it’s channel-gain
�k�

mm for every tone m. The OF protocol, which lets users
with higher channel-gain values to feedback first, thus can
be used to solve (10). In this paper, two versions of the OF
protocol are proposed: one using contention-based feedback
and the other using sequential-feedback. The feedback over-
head F con

III = (c1M log K) and F seq
III = (c2M log M log K) of

the two schemes are evaluated analytically, where c1 and c2
are constants. Notice that if the BS knows k�

m and �k�
mm for

every tone m, the only part of resource allocation left is to
water-fill power, which has a closed-form expression. Hence
the complexity of resource-allocation Ccon

III = Cseq
III for both the

proposed schemes is O(1), which is independent of both M
and K . The performance Vcon

III and V seq
III are shown to be ‘close’

to VII. Here, the term ‘close’ is made precise by deriving an
upper-bound on (VII � Vcon

III ) and
�
VII � V seq

III
	
.

In Section III-A, we describe the first proposed scheme, a
contention-based OF protocol, and analyze its performance.
This scheme is an extension of the scheme proposed by us
in an earlier work [23]. The description of the scheme is
given in detail for two reasons - (a) sake of completeness
and (b) to serve as a building-block for the description of
the second proposed scheme. However, some of the proofs
in the analysis carry-over and so are duly cited. In Section
III-B, we describe and analyze the second OF protocol based
on sequential feedback. Both the schemes are described for
solving (10) or the sum-rate maximization problem. In Section
III-C, we describe the modification for the two proposed
protocols to solve (6) and consequently the original WSRmax
problem in (1).

A. Contention-Based OF Protocol
1) Operation of the Protocol: The operation of the

contention-based OF protocol for a single tone (say tone m)
is shown in Figure 2. For M tones, the same protocol is
repeated M times in sequence. Before the feedback-period
begins, the BS broadcasts a training sequence that allows
all users to estimate their channel gains �km for tone m.
Subsequently, the BS broadcasts an Initiate Feedback message,
which starts the feedback-period. During the feedback-period
for tone m, there are L feedback slots and these slots are
associated with thresholds T0 > T1 > T2 > • • • > TL. In
the ith (i = 1, 2, . . . , L) feedback slot, any user k transmits a

Fig. 2. The Proposed Contention-Based OF Protocol for a Single Tone.

message xcon
k to the BS if its channel gain �km satisfies the

relation Ti � �km < Ti�1. Since the threshold values are in a
decreasing order, the first feedback-slot in a feedback-period
is accessed by the users with the highest channel-gain on the
tone. The message xcon

k for any user contains the unique user
number k, for which the number of bits required is log K . If
the feedback message xcon

k , sent by the user who is the first one
to transmit in the feedback period, is received successfully, the
BS knows k�

m and �k�
mm. The BS knows k�

m from the unique
user identity k contained in the message xcon

k and it has an
estimate of �k�

mm given by the lower threshold of the feedback
slot Tj , where j is the feedback slot in which the feedback
message by this user xcon

k is transmitted. The threshold values
are the same for all k and m, and are computed once and
fixed for all time.

Depending upon the channel-gain value in the current SP,
many users may transmit their xcon

k in the same feedback
slot. Due to the contention between the users, this scheme
is called the contention-based OF protocol. If two or more
users happen to feedback their xcon

k ’s in the same feedback
slot, their feedback messages will collide and are assumed
irrecoverable2. In case of a collision in a feedback slot, the
feedback-period continues on subsequent feedback slots and
ends after L feedback slots, when the BS broadcasts an End
Feedback message. If no user’s xcon

k is received successfully
in the L slots, the tone is left unallocated, else it is allocated
to the first user that transmitted successfully.

2) Calculation of Thresholds: The set of thresholds Ti are
determined by partitioning the pdf of the channel gain f�(�)

2In [20], it is also assumed that if in a feedback slot, more than one user
transmit together leading to a collision, the messages (containing the user
identities) cannot be decoded and the BS selects a random user from the
entire user pool for scheduling. In another existing work [19], the users that
would contend for any feedback slot are known to the BS apriori, hence after
a collission, one of the collided users can be selected for scheduling. In this
work, the assumption that collided messages cannot be decoded is made to
keep the description of the proposed protocol simple. Additionally, it also
simplifies the analysis of the protocol.
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into N equiprobable intervals, as also done in [11], [23]. The
probability that user k transmits its feedback message xcon

k for
tone m in the ith slot is
P{Ti < �km < Ti�1} = F�(Ti�1)�F�(Ti), i = 1, 2, . . . , N.

(11)
To partition the pdf, the probability that a user transmits a
feedback message for a tone in any slot is set to the same value
p = 1

N by choosing thresholds such that F�(Ti�1)�F�(Ti) =
p, implying

Ti = F�
�1(1 � ip), i = 1, . . . , N ; T0 � 	. (12)

The parameter p is a design parameter that affects the proba-
bility with which any user transmits in a feedback slot and is
described in Section III-A3.

3) Analysis: To analyze the proposed protocol, the number
of users that can transmit in any feedback slot is assumed
to be the same for all slots until a successful transmission
takes place, and this assumption is ratified with a probabilistic
argument. In reality, the number of users that can feedback
in any feedback slot may decrease as the feedback protocol
proceeds because in an earlier feedback slot, users may have
collided; however as we argue next, the probability of collision
can be made very small. Since the users have i.i.d. fading, the
probability that any user transmits in a given feedback slot i
is p. This probability p is the same for all users and for all
feedback slots. So, transmission during a feedback slot can be
modeled as a binomial random variable with parameters K
and p, which is simply the sum of K i.i.d. Bernoulli random
variables with parameter p. The probabilities that zero and
one user transmit in a feedback slot are qK and r = KpqK�1

respectively. When more than one user transmit in a slot, they
will collide and the probability of this collision is c = 1 �
r � qK . Lemma 1 shows that c can be made to go to zero by
design.

Lemma 1: If q = s1/K , c is upper-bounded by a constant
that goes to 0 if the design parameter s is chosen close to 1.

Proof: If q = s1/K , then
c = 1 � r � qK (a)

= 1 � KpqK�1 � s (13)
(b)
= 1 � K

�
1 � s1/K

� �
s

K�1
K

�
� s (14)

�
limK�� 1 � s

�
1 + ln

1
s

�
(15)

=
lims�1 0, (16)

where (a) and (b) follow by substitution. As seen from (14),
c is a monotonically increasing function of K , upper-bounded
by a constant given in (15). The value of this constant can be
made to close to 0 by choosing s close to 1. �

Under the assumption that the number of users that can
transmit in any feedback slot is the same for all slots (valid
when s 
 1), the number of feedback slots till successful
reception, denoted by a random variable S, is geometrically
distributed with probability r, thus E [S] = 1�r

r .
Theorem 1: E [S] is upper-bounded by a small positive

number i.e. E [S] � 1
s(1�s) . Notice that s is independent of K

and hence the upper bound 1
s(1�s) is also independent of K .

Proof: Given in [23].
The result of Theorem 1 casts light on the choice of the

value of design parameter s and its physical significance. If the

value of s is very close to 1, say s = 0.99, the probability of
transmission p for a K = 100 user system is very small, only
10�4. Hence, most feedback slots will be idle; collisions will
be rare (probability of collision c = 5 × 10�5 is negligible).
So, the user with the highest channel gain will be found with
a very high probability (1�c). However, the expected number
of feedback slots until we get a successful reception, 1

(1�s)s =
101, is large. On the other hand, if s = 0.9, p = 10�3 and
c = 5×10�3. There are less idle slots and the feedback period
finishes sooner 1

(1�s)s = 11, though the chance of losing the
feedback message from the user with the highest channel-gain
value due to a collision is higher now. Thus the value of s can
be used to trade-off feedback overhead for the rate achieved.

Choosing the number of feedback slots in a feedback period
per-tone to be a fixed constant i.e. L = ca

1
(1�s)s , ca > 1,

ensures that by the end of the feedback period, a feedback
message is received successfully with probability greater than
1� 1

ca
, which follows from a simple use of Markov inequality.

By Markov inequality [29], the probability that a non-negative
random variable is larger than its expected value by a factor
of ca is less than 1

ca
. Since E [S] is at most 1

(1�s)s , the result
follows. The feedback-overhead per tone in bits is L log K
and therefore the total feedback overhead is

F con
III = ca

1
(1 � s)s

M log K, (17)

which grows as M log K only, as opposed to MKBreal for
both Scheme-I and Scheme-II. Further, the chosen value of L
or equivalently ca is another design parameter that can be used
to trade-off feedback overhead for rate achieved on a tone. If
L is large, the feedback protocol for any tone can wait longer
for the first successful feedback and hence avoid the situation
in which the tone is left unallocated. This comes at the cost
of longer feedback period or higher feedback overhead.

The expected rate on the mth tone, can be written as

E [rcon
m ] = Pralloc

m

Lsuc�

l=0

(r + s) (1 � (r + s))l

E
�
log

�
1 + ��[K:K�nl],mP con,wf

m
	�

, (18)

where Pralloc
m = Prob(Tone m is allocated). The summation

is over the unsuccessful transmission attempts, in which two
or more users transmit until the Lth

suc successful transmission
attempt in which a single user transmitted. ��[K:j],m is the
random variable characterizing the jth maximum of a set of K
i.i.d. random variables ��km. nl is the number of users that were
lost due to collisions up to the lth unsuccessful transmission
attempt, with n0 � 0. P con,wf

m is the power assigned to tone m
once the feedback period is complete on all M tones, obtained
by water-filling Ptot over the M tones. Notice that Eqn (18)
uses �� instead of the actual channel-gain value � because the
channel-gain estimate is obtained from the lower-threshold of
the feedback-slot in which the successful transmission takes
place. A lower bound on the rate expression in Eqn (18) is

E [rcon
m ]

(a)
� Pralloc

m (r + s) E
�
log

�
1 + ��[K:K],mP con,wf

m
	�

(19)
(b)
� Pralloc

m sE
�
log

�
1 + ��[K:K],mP con,wf

m
	�

(20)
(c)
� Pralloc

m sE
�
log

�
1 +

�
�[K:K],m � �con

m
	
P con,wf

m
	�

,
(21)
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where (a) follows by retaining only the first-term in the
summation in Eqn (18) (since all terms are non-negative), (b)
follows from the fact that both r and s are > 0, and (c) follows
from the definition of �con provided next. Let �con

m be defined
as

�con
m � max{max

i>0
(Ti�1 � Ti) , max

k
�km � T1}. (22)

Hence, �con
m is the maximum interval between the lower and

upper thresholds3 Ti�1 and Ti, implying that �[K:K],m �
��[K:K],m � �con

m always and hence the relation in (c) (21).
The value of �con

m depends on the choice of parameter s and
the channel-gain cdf F�(�). Using the lower bound on E [rcon

m ],
we come up with the following upper-bound

VII � Vcon
III �

M�

m=1

E
�
log

�
1 + �[K:K],mP wf

m
	�

�
�
Pralloc

m s

E
�
log

�
1 +

�
�[K:K],m � �con

m
	
P con,wf

m
	� �

(a)
�

M�

m=1

E
�
log

�
1 + �[K:K],mP wf

m
	�

�
�

1 �
1
ca

�

sE
�
log

�
1 +

�
�[K:K],m � �con

m
	
P con,wf

m
	�

(23)
= Ua (24)

where (a) follows from the discussion above i.e. the prob-
ability of a tone being allocated Pralloc

m �
�
1 � 1

ca

�
, P wf

m

and P con,wf
m are the result of the water-filling of power Ptot

over the channel gains �[K:K],m’s and
�
�[K:K],m � �con

	
’s,

respectively. As seen through Eqn (23), �con
m and consequently

the performance gap Ua becomes smaller as ca increases and/or
s gets closer to 1 because both the factors increase L, the
feedback period duration4.

B. Sequential OF Protocol
1) Operation of the Protocol: The operation of the se-

quential OF protocol is the same as that of the contention-
based OF protocol with only two differences: users feedback
sequentially and for all M tones at the same time. Before the
feedback-period begins, the BS broadcasts a training sequence
that allows all users to estimate their channel gains �km for all
tones. Users feedback sequentially during the feedback slot.
In the ith feedback slot, first of all, user 1 feeds back an M -
length bit vector consisting of zeros and ones corresponding to
the M tones. A bit corresponding to a tone is 1 if the channel-
gain value on that tone satisfies Ti � �km < Ti�1. Following
user 1, the other users (user 2 through user K in sequence)
feed back their M -length bit vectors in a similar manner.
The bit-vector is compressed and the number of bits after

3The value of �con
m additionally depends on the maximum channel realiza-

tion among all users for tone m in a particular instant. However, in practice
(through simulations), we found that the first term maxi>0 (Ti�1 � Ti)
dominates the second term maxk �km � T1 in (22).

4It should be noticed that given a finite coherence time, in the absence
of channel reciprocity, uplink transmissions during the feedback period come
at the cost of a shorter time window available for downlink transmission of
actual data (as can be seen from Figure 1) and hence affect data-rate. Hence,
although increasing L increases the downlink sum-rate by itself, the effective
sum-rate, obtained by scaling the sum-rate expression in Eqn (18) by the
fraction of coherence time available for data-transmission, might decrease. In
this paper, as also done in [20], [19], we analyze the feedback overhead and
the downlink data-rate individually and do not combine the two. Some other
works in literature [21], [24] evaluate downlink transmission rate by taking
into account time lost due to feedback explicitly.

compression depends on the probability of having 1’s at any
position in the vector, which is p = Prob (Ti � �km < Ti�1).
Since, users feed back sequentially, there is no collision and
the feedback period ends after L feedback slots, at which point
the BS broadcasts an End Feedback message. The BS allocates
a particular tone (say tone m) to the user, who is the first one to
have transmitted bit 1 for tone m. If two or more users have
transmitted bit-1 for a particular tone in the same feedback
slot, the tone is randomly assigned to any of these users. If
no user feeds back a 1-bit for a particular tone in all of L
feedback slots, the tone is left unallocated.

2) Analysis: Since the channel-gain values are i.i.d., p
(defined in Section III-A2) denotes the probability that any
user feeds back a bit-1 for any tone in any feedback slot. The
number of bits that the M -length bit vector can be compressed
to is given by MH(p), where H(p) is the standard entropy
function defined as H(p) � �p log p�(1�p) log(1�p) [29].
Given this, the number of bits transmitted during any feedback
slot in a feedback period is M times

KH(p)
(a)
= K (�p log p � (1 � p) log(1 � p)) (25)
(b)
=

�
K

�
�

�
1 � s

1
K

�
log

�
1 � s

1
K

�

�
�
s

1
K

�
log

�
s

1
K

� ��
(26)

(c)
= log

�
1
s

�
+ log

�
1
s

�
log K

� log log
�

1
s

�
log

�
1
s

�
(27)

where (a) follows by the definition of H(p), (b) follows from
the definition of p = 1 � q = 1 � s 1

K as defined in Section
III-A2, and (c) follows from a Taylor-series expansion by
replacing z = 1

K and then expanding w.r.t. to z around z = 0.
The probability that no user transmits for a tone in a feed-

back slot is qK . As soon as one or more than one user transmit
for a tone (say tone m) in a slot, tone m can be allocated. If
q = s1/K , the number of feedback slots till we get a bit-1 for
tone m, denoted by a random variable Sm, is geometrically
distributed with success probability 1 � qK = 1 � s, thus
E [Sm] = s

1�s . Now, let the number of feedback slots till we
get a 1-bit for all M tones be denoted by the random variable
S, we have the following theorem.

Theorem 2: For the proposed sequential OF protocol, E [S]
is upper-bounded by E [Sm] log M .

Proof: From the description of the sequential OF protocol,
S is simply maxm{S1, S2, . . . , SM} and the result in the
theorem follows from the extreme-value theorem in [28] �.

By choosing L to be a fixed constant cb
s

(1�s) log M , cb >
1, we can ensure that at the end of the feedback period, all
tones have been allocated with probability greater than 1� 1

cb
,

which again follows from a simple use of Markov inequality.
Therefore, the total feedback-overhead in terms of bits is

F seq
III = cb

s
(1 � s)

M log M
�

log
�

1
s

�
+ log

�
1
s

�
log K

� log log
�

1
s

�
log

�
1
s

� �
(28)

and grows as M log M log K as opposed to MKBreal for both
Scheme-I and Scheme-II.
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The next step is to find a lower bound of the sum-rate
achieved by the sequential OF protocol.

E [rseq
m ] �PrallocE

�
log

�
1 +

�
�[K:K],m � �seq

m
	
P seq,wf

m
	�

,
(29)

where Pralloc = Prob(All M tones are allocated) and the in-
equality follows from the definition of �seq

m , which is the
same as that given before for �con

m (22). Recall, �seq
m is the

maximum interval between the lower and upper thresholds
Ti�1 and Ti, implying that if for a particular tone (say tone
m), more than one user transmit a 1-bit in the same feedback
slot, then by assigning the tone randomly to one of these users,
the BS can underestimate the channel-gain value for tone m
by a maximum of �seq

m and hence the relation in (29). Using
the lower bound on E

�
rseq
m

�
, we come up with the following

upper-bound

VII � V seq
III �

M�

m=1

E
�
log

�
1 + �[K:K],mP wf

m
	�

� Pralloc

E
�
log

�
1 +

�
�[K:K],m � �seq

m
	
P seq,wf

m
	�

�
M�

m=1

E
�
log

�
1 + �[K:K],mP wf

m
	�

�
�

1 �
1
cb

�

E
�
log

�
1 +

�
�[K:K],m � �seq

m
	
P seq,wf

m
	�

(30)
= Ub (31)

where P wf
m and P seq,wf

m are the results of the water-filling
of power Ptot over the channel gains �[K:K],m’s and�
�[K:K],m � �seq

m
	
’s, respectively. As seen from (23) and

(30), the upper-bound for performance-loss for the sequential
scheme is smaller than that for the contention-based scheme
if ca = cb due to the missing s in (30). This is because, the
contention-based scheme suffers from collisions captured by
the factor s. This fact is further verified by numerical results
in Section IV.

C. Modifying the Proposed Protocol for WSRmax

The OF protocols proposed earlier in Sections III-A and
III-B for maximizing sum-rate can be easily modified for
solving the WSRmax problem (1). When the weights wk are
not the same for all users, the proposed OF protocol needs to
solve (6) and not its special case (10). For a given value of
� and weights, the distribution of �km induces a distribution
on the term in curly-brackets on the R.H.S. of Eqn (6), which
we now define as �km(�). Thus

�km(�) =

�

wk log




1 +
�

wk

�
�

1
�km

�

+
�km

��

. (32)

Eqn (6) can now be rewritten as
k�

m(�) = arg max
k

�km(�), (33)
where by writing k�

m(�), we have made the dependency on �
explicit. Comparing (33) and (10), intuitively, it seems that
the BS can modify the proposed OF protocols by simply
partitioning the pdf of �km(�) and then solve (33) by finding
the user with the highest value of �km(�) in a distributed
manner, the same way as the user with the highest �km was
found in Sections III-A and III-B. This intuition is largely
correct, with one difference that in the case of the WSRmax

problem, the reduction from (7) to (10) does not happen, hence
every time the transmitter updates the value of �, the proposed
OF protocol needs to be re-run because the best user k�

m from
the solution of (33) may change as the value of � is updated.
Hence the best user for each tone is found Niter times until
the power constraint is satisfied.

In terms of the operation of the protocols, along with the
value of p, the BS also needs to broadcast � in the Initiate
Feedback message shown in Figure 2. Further, since the distri-
bution of �km(�) depends on wk’s, it is different for different
users and the users are no longer i.i.d. In order to find the user
with the highest value of k�

m(�) (to solve (33)) in a distributed
manner, the thresholds used by all users should be identical
i.e. Ti, �i, should be the same for all users. Hence, all users
must compute the thresholds using the same weight value,
which also should be a part of the Initiate Feedback message.
One choice for this common weight value is maxk wk. Since
the pdf of �km(�) is partitioned by the thresholds Ti’s, for
the WSRmax case, the lower threshold Ti of a feedback slot
i, in which the first successful feedback message is received
gives an estimate of ��

km(�) � maxk �km(�). This estimate
is denoted by ���

km(�). Unlike the sum-rate case, in which the
lower threshold Ti serves as an estimate of the channel-gain
value ���

km, in the WSRmax case, ���
km can be found using

���
km(�). When �km(�) is non-zero, (32) can be rewritten as

�km(�) = wk log
�wk�km

�

�
, (34)

and so an estimate of channel-gain value ���
km can be obtained

from the estimate ���
km as

���
km = e

�̃�
km
wk �/wk. (35)

Using (32), the power-consumption on tone m can then be
obtained as

pkm = e
�̃�

km
wk

�1/���
km. (36)

Using this value of power-consumption (36), the BS iterates
over the value of �, until the total power-constraint is satisfied.
Niter denotes the number of iterations.

The fact that the distribution of �km(�) is user-dependent
does not change the operation of the OF protocols, because the
protocol works just as described in Sections III-A and III-B
once the threshold values are computed and fixed. The analysis
of the protocols, however, does become a hard task. The
probability Prob (Ti � �km(�) < Ti�1) for a user on a tone in
a feedback slot is no longer equal to the same value p and is
different for different k and i. Although the series of steps used
for analysis of the proposed OF protocols in the sum-rate case
can be applied for analyzing the WSRmax case as well, the
resulting expressions are complicated. The feedback-overhead
for both the contention-based and sequential OF protocols
essentially increases linearly with Niter as compared to that for
the sum-rate, shown numerically in Section IV. The feedback
overhead of the contention-based scheme can be expressed
analytically because it is simply NiterF con

III , where F con
III is given

in (17). The same does not hold for the sequential scheme
because the feedback overhead depends on the compression
rate, H(p), and p is no longer a constant. The complexity of
the proposed OF protocols, CIII, is also scaled by Niter, which
is a constant, so it remains to be constant. The performance
gap is hard to derive analytically for the reasons mentioned
above, and will be studied numerically in the next section.
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